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Abstract. The exterior degree of a finite group has been introduced in [P. 
Niroomand and R. Rezaei, On the exterior degree of finite groups, Comm. 
Algebra 39 (2011), 335—343] and the present paper is devoted to study the 
exterior degree of infinite groups. We find some inequalities of combinatorial 
nature, which generalize those of the finite case and allow us to get structural 
restrictions for the whole group. 



1. Introduction 

The structure of a finite group may be strongly restricted, once we have infor- 
mation about invariants which are related to the number of elements satisfying a 
given property. For instance, the property of being commutative has motivated 
some authors to introduce the so-called commutativity degree of a finite group E, 
defined as the ratio 

AfjA \{(x,y)eExE\ [x,y] = l}\ 1 ^ k(E) 

d{E) = \Ef = ]ey^J Ce{x)1 = w 

where k(E) is the number of the I?-conjugacy classes [x]e — {x 9 | g <E E} that 
constitute E. There is a wide production on d(E) and its generalizations in the last 
decades and we recall here [U EJ [7J [HI [19] . The exterior degree of E is a more 
recent invariant, studied for similar purposes by the second author in [13] and with 
combinatorial techniques in [21 [2J [T51 [T7] . The exterior degree of E is defined as 

d A (£l) _ \{(x,y)eE xE\xAy=l EAE }\ _ 1 ^ \C£( Xi )\ ,^ 



l^l 2 1^1 tt \C E {xi)\' y ' 

where the last equality is proved in [13J Lemma 2.2], and one of the main results 
in [T2] shows that 

d A (£)<d(£) 

so that the commutativity degree and the exterior degree are connected. 

Since there is literature for the commutativity degree of infinite groups (see again 
[SI O LT1 ESI US]); it is natural to look for a corresponding treatment of the exterior 
degree. To the best of our knowledge, this precise point is not available in literature 
and has motivated us to write the present paper. One of the main difficulties is due 
to the fact that we need of a meaningful topological structure over infinite groups, 
which should agree with the discrete topology of the finite case. This forced us to 
look for projective limits of finite groups, where we have a good theory of measure 
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and may proceed by analogy with the finite case in a compatible way with respect 
to the topology which we will consider. 

Section 2 is devoted to justify the use of projective limits of finite groups in 
our context and we will introduce some technical notions which will be helpful in 
Section 3, where the main results are placed. The terminology and the notations 

will follow those of @i na nn nu na hij mi mj . 

2. Preliminaries 

Eick [3] has recently described the low dimensional homology of an infinite pro- 
p-group of finite coclass and central exponent t > 1 

Ct = Z* xC p . = (t u ...,t dt ) x (g) = ( 5 ,ti,...,i dt | / =1, 

g-H x g = t- d ],g- x t ig = U-it^* (K * < dt), [U,tj] = 1 (1 < j < i < d t )), 

where p is a prime, e< = 1 if p l ~ x divides i — 1, e, = if p* _1 does not divide 
i — 1, is the direct product of d t = p t ^ 1 (p — 1) copies of the group Z p of p-adic 
integers, G p * is a cyclic group of order p t acting uniserially on Z p '. 

The above presentation of Ct can be found in j3j Proof of Theorem 7] (see also 
PHI §7]). The relevance of Ct is emphasized by [10l Theorem 7.4.12, Corollary 
7.4.13], which characterize an arbitrary infinite pro-p-group of finite coclass to be 
constructed always as Ct- 

Before to proceed, it is good to recall some basic notions on pro-p-groups from 
|10) . On a compact (Hausdorff) group G it is possible to introduce the filter basis 

V{G) = {N = N < G | G/N is a finite p - group} 

and G is said to be a pro-p-group if 

G = lim G/N, 

NGV(G) 

that is, if G is a projective limit of finite p-groups (see jTOl Definitions 7.1.12, 7.2.1, 
7.2.3, 7.2.4]). Here the open subgroups of G are exactly those closed subgroups 
of p-power index [TU1 Lemma 7.2.2]. Of course, the topology of G is the unique 
topology induced by V(G). The notion of coclass of a pro-p-group can be found in 
[lOl Definition 7.4.1] and is originally due to Leedham-Green and Newman: a finite 
p-group of order p n and nilpotency class c has coclass r if n — c — r; a pro-p-group 
G has coclass r if there exists some u > 2 such that G/ji(G) has coclass r for all 
i >u, where 7i(G) denotes the z-th term of the lower central series of G. 
From [10] . the rank of a pro-p-group G is defined by 

rk(G) = sup d(H), 

H=H<G 

where d(H) denotes the minimal number of elements which are necessary to gener- 
ate topologically H. If G is a torsion-free pro-p-group, then I = rk(G) = tf(G) is 
called torsion-free rank. Now we know from [31 p. 148] (see also [TOl §9]) that the sec- 
ond homology group H2 (G, Z p ) (with coefficients in Z p ) of an infinite pro-p-group G 
of finite coclass is an abelian pro-p-group of the form iJ 2 (G,Z p ) = T(G) x F(G), 
where T(G) is a finite p-group and F{G) ~ ZL As usual in these situations, 
H%(G, Z p ) is called Schur multiplier of G and the following bound was proved few 
years ago. 
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Theorem 2.1 (See [3], Theorem A). An infinite pro-p-group G of finite coclass and 
central exponent t has tf (7?2(G, Z p )) = \dt for all p > 2 and t > 1. /n particular, 
this is true for G = Ct- 

The case p = 2 of Theorem 12.11 needs to be treated separately (see [3J p. 148 and 
§7]). Some of our main results deal with generalizations of Theorem 12.11 and [111 
Theorems 3.2, 3.3]. 

From [llj . the complete nonabelian tensor square G®G of a pro-p-group G, 
which generalizes the nonabelian tensor square in [2J, is the group topologically 
generated by the symbols x®y, subject to the relations xy®z — {x v ®z y ){y®z) 
and y®tz = {y®z)(y z ®t z ) for all x,y,z,t S G, where x v — y~ x xy and so on for 
z v , y z ,t z . It is straightforward to check that G<8>G is a pro-p-group. The subgroup 
V(G) = (x®x\xeG) is a closed central subgroup of G®G and the quotient 
group 

G§G/V(G) = GAG 

is called complete nonabelian exterior square of the pro-p-group G. In analogy 
with the homological methods which appear in [2j [12] , the maps 

n : x®y G G%G \-> [x, y] G G' and k' : xAy G GAG H> [x, y] G G', 

are epimorphisms of pro-p-groups such that ker« ~ V(G) and ker«/ ~ 7?2(G,Z p ). 
We note that H 2 (G,Z P ) is a closed central subgroup of GAG. Also 

e : x®y G G®G H> xAy G GAG and (p : x®x G V(G) i— > sAi G H 2 {G,Z p ) 

are epimorphisms of pro-p-groups. More details on k, k', £ and (p can be found 
in [ill §2]. In virtue of all we have said, the famous diagram in [2] becomes the 
following, whose rows are central extensions of pro-p-groups. 

1 ► V(G) ► G<§)G — G' ► 1 

$>j e| (**) 

1 ► H 2 (G,Z P ) ► GAG — G' > 1 

We have information on the topology of GAG by the next result. 

Theorem 2.2 (See [TT], Theorem 2.1). If G — limjvg-p^) G/N is a pro^p-group, 
then G(S>G — ^^(N,M)ev(G)xV(G) G/N (g> G/M is a pro^p-group. The same is true 
for GAG. 

Roughly speaking, Theorem 12.21 shows a passage under projective limit for the 
operator A and ensures a topological structure on GAG. This allows us to generalize 
the exterior centralizer C^(x) of an element ir of a finite group E and the exterior 
center Z A {E), recently studied in pH [£3 Q3J US QH H] • The interest for Cfe(x) 
and Z A (E) is due to the fact that they provide criteria to decide if we have a capable 
group or not (see [2 [HI Q3]), that is, if our group is isomorphic or not to the inner 
automorphism of another group. 

Some basic properties, studied in [HH2] for finite groups, may be adapted to the 
infinite case in the sense of the next result. 

Lemma 2.3. Let G be a pro-p-group and x, y, z,t € G. Then 

{x-^yf = {x^yY 1 = {x®y- 1 ) y ] (z®t) xy {g®y) = {g%y) {z®t) yx - 
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z®{y x y 1 ) = (x®y) z {x®y) l ; (x(x 1 ) v )®t = (x®y) ((x®y) 1 ) t ; 

(z®t)( x ® y) = (zSt)^; [x®y, z®t] = (xix-yWt' 1 ). 
The same rules are true if we replace A with ®. 

Proof. It is enough to repeat the computations in [2j Propositions 1,2,3], replacing 
the role of ® with that of ® (resp., A with A). □ 

The complete exterior centralizer of a pro-p-group G is the set 

CG(x) = {a£G\ aAx = l GK J 

which turns out to be a subgroup of G, because if a, b S Cg(x), then the rules in 
Lemma 12.31 allow us to conclude that 

ab^Ax = (& _1 /Vc) a (aAx) = ((bAx)- 1 ) ab (aAx) = 1 G ^ G 

so a& -1 S Co (a;). The complete exterior center of G is the set 

Z(G) = {g e G | 1 GKG = gAy e GAG, Vy e G} 

and a similar argument shows that it is a subgroup of GAG. Analogously, Cq{x) 
is a subgroup of Cg{x) and Z(G) is a subgroup of Z(G). 

Of course, if G is a finite group, A is exactly the nonabelian exterior square 
A in [2] and <g> is the nonabelian tensor square in <g>. Then Cq{x) — Cq(x) and 
Z(G) = Z A (G) so we have a significant approach in order to generalize most of the 
results in [5JE2H3. 

Lemma 2.4. Let G be a pro-p-group, A and B two closed subgroups of G such 
that An B = {1}, N a closed normal subgroup of G and x 6 G. Then 

(i) Cg(x) is a closed normal subgroup of Cg{x); 

(ii) Z(G) — p| Ccig) is a closed subgroup of Z(G); 

gee 

(iii) 1 — > Cg(x) n N — > Cg(x) — > Cg/n( x N) is a short exact sequence of 
pro^p-groups; 

(iv) 1 — > Z(G) n N — > Z(G) — > Z(G/N) is a short exact sequence of pro- 
p-groups; 

(v) Gaxb(o6) = Ca{o) x Gb(6) for all a £ A and b e B; 

(vi) Z(A x B) = Z(A) x Z[B). 

Proof, (i). If g £ C G (x) and y £ C G (x), then g y Ax = (gAx) v = 1 G ^ G thus Cg(x) 
is normal in Cg(x). The fact that G G (x) is the stabilizer of a point, under the 
action of the operator A, ensures that it is closed. 

(ii) . The equality of Z(G) with the intersection of the complete exterior cen- 
tralizers is obvious. It is obvious also that Z(G) is contained in Z(G). Finally, the 
intersection of closed is closed, then Z(G) is closed in Z(G). 

(iii) . Consider the natural epimorphism of pro-p-groups 

7r : g A h £ GAG i-> gNAhN £ G/NAG/N. 

If y £ Cg(x), then 9(y) = yN £ C G / N (xN). On the other hand, if ir(y) = 1 for 

y £ Cg(x), then y £ N n Cg (x) . The result follows. 

(iv) . It follows from (ii) and (iii). 
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(v) . We may overlap [HJ Proof of Proposition 2.6], mutatis mutandis. 

(vi) . It follows from (ii) and (v). □ 

Now, we may give a structural result which is related to H 2 (G,Z p ). 

Proposition 2.5. Let G be a pro —p- group. Cg{x)/Cg(x) is isomorphic as pro^p- 
group with a subgroup of H 2 (G, Z p ). 

Proof. The map 

i> : y G C G (x) i— > $(y) = xAy G H 2 {G,Z P ) 
is a homomorphism of pro-p-groups. Note that i?2(G, Z p ) is a factor group of 
V(G), which is a closed central subgroup of G®G. Furthemore, the elements of 
V(G) are fixed under the action of G. This allows us to conclude that the elements 
of H 2 (G,1, p ) are fixed by the action of G. On the other hand, it is clear that 
keri/> = Cg{x). Then the result follows. □ 

An interesting consequence is listed below. 

Corollary 2.6. If a pro-p-group G has an element x such that Cg{x) ^ Cg{x), 
then H2{G,Zp) is nontrivial. 

3. Main theorems 

The present section illustrates our main results. Firstly, we show an upper bound 
for H 2 (G,Z* p ), when G is a pro-p-group. This is in harmony with the results in 

Theorem 3.1. Let G be a pro^p-group, rk(G/Z(G)) = n. rk(H 2 (G, Z p )) = m and 
tf (_ff 2 (G, Z p )) = / . Then iJ 2 (G, Z p ) is an abelian pro^p-group. Furthermore, 

(i) ifH 2 (G,Z p ) is finite, then \Z(G)/Z(G)\ divides \H 2 (G,Z p )\ n ; 

(ii) if i?2(G,Z p ) is infinite, then rk(Z(G)/Z(G)) < m". In particular, if 
H 2 (G,Z P ) is torsion-free, then tt{Z (G) / Z (G)) < l n . 

Proof. From (**), H 2 (G, Z p ) is a closed central subgroup of GAG and so it is a 
closed abelian subgroup of GAG. From Theorem 12. 2\ GAG is a pro-p-group and 
each closed subgroup of a pro-p-group is again a pro-p-group pjjj Lemma 7.2.9 
(i)]. Then H 2 (G, Z p ) is an abelian pro-p-group. 

Now we proceed to prove (i) and (ii). Assume that G/Z(G) = {x\,...x n ) for 
some elements x\ = x\Z(G), . . . , x n — x n Z(G) of G/Z(G). Define 

£: x G Z(G) i — > (x Axx,...,xAx n ) G H 2 (G,1 p ) n . 

£ is a homomorphism of pro-p-groups, because for all x, y G Z{G) we have 

zyAiEi = (xAzi) {yAxi) x = {xAxi) (y?\Xi) 

for every i G {1, . . . n}. 

We claim that ker£ = ^(G). It is easy to check that Z(G) < ker£. On the other 
hand, if x G ker£, then xAxi = ^g/\G f° r every i G {1, . . .n}. It is enough to show 
that xAy — Iqag f° r every y G G in order to finish our proof. If y G G \ Z(G), 
then we may always write j/ = a;" 1 . . . a;"", where a±, . . . a n are integers. Thus, 

sAy^xA^ 1 ...<") = {xAx" 1 ) . . . (xAx% n ) 
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= (x/\Xi) ai . . . {xAXnY n = 1 GAG- 

We have then proved that £ is a monomorphism of pro-p-groups. Then £ allows us 
to embed Z(G)/Z(G) in H2(G,Z p ) n . In case (i) this means that, if H2(G,Z p ) is 
finite, then Tli(G, Z p ) n is finite and consequently Z(G)/Z(G) is finite, subject to the 
corresponding arithmetic condition in (i). In case (ii) Hi{G^1 v ) is infinite abelian 
of finite (topological) rank. Consequently, each closed subgroup of H2(G,Z p ) has 
the same property. We conclude that (ii) is true. □ 

Remark 3.2. It is well known that a finite group E is capable if and only if 
Z A (E) = 1. Then the previous result may be useful to find criteria for the size of 
Z(G) in a pro-p-group G. This aspect has been studied in [HUH in the finite case. 

In order to generalize to the infinite case the exterior degree, we proceed in the 
following way. Let G be a pro-p-group. On the pro-p-group GxG, we may 
consider the crossing pairing 

f:(x,y)eGxG\ — > xAy E GAG, 

described in §2], which is continuous and bilinear for all x,y G G. This map 
/ appears, for instance, in the universal property of GAG. On the other hand, we 
know that there exists a unique normalized Haar measure /ion a pro-p-group G 
(the reader may find also a more general situation in [5j [6j [18j HI]) an d this is 
true also for GxG, when we consider the product measure fj, X fj,. Then 

C = T~ X 0-g7\g) = {(*, V) G G x G | xAy - I G ^ G } QGxG 
is a closed subgroup of G x G and so it is meaningful to define the exterior degree 
of a pro^p-group G as 

d(G) = (p x /i)(C). 
In case G is finite and \i is the counting measure on G, we find exactly (*). 

The next lemmas show that some methods of jH [71 Q21 [18j [19] can be adapted 
here. The idea is in fact to relate d(G) with d(G). 

Lemma 3.3. Let G be a pro-p-group and x 6 G. Then 

d(G) = f ii{CG{x))dii{x), 

JG 

where 

H(C G (x))= x c (x,y)d^(y), 

JGxG 

and x c denotes the characteristic map of C. 
Proof. Fubini-Tonelli's Theorem implies: 

d(G) = (fj,x fj,)(C) = / Xc(dfJ- x dfi) 

JGxG 



X a (x,y)dfi(x) J dfi(y) = J fi(C G (x))dn(x). 

□ 

Lemma 3.4. Let H be a closed subgroup of a pro^p-group G and k > 1. Then 



H(H) = 



1 if \G:H\=p k 



0, if \G:H\ = oo. 
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Proof. It is a well-known fact, which can be found for instance in [7]. □ 

Lemma 3.5. A pro-p-group G has < d(G) < 1. In particular, 

(i) d(G) = if and only if \G : C G (x)\ — oo for all but finitely many x £ G; 

(ii) d(G) = 1 if and only if Z(G) = G. 

Proof. Since [i is monotone, positive-defined and normalized, = (/ix/z)({(l, 1)}) < 
d(G) = (fi x /i)(G) < (/i x /.t)(G) = 1. Now (i) follows easily from Lemmas 13.31 and 
13.41 (ii) is clear from the definition of d(G) = 1. □ 

A fundamental difference with the finite case is the following. 

Remark 3.6. Z p is an infinite abelian pro-p-group topologically generated by 1 
element (but not generated by 1 element in the abstract sense) such that Z(Z p ) = 
Z p , d(Z p ) = 1 and H 2 (G,Z p ) is trivial. 

We may show the main result of this section. 

Theorem 3.7. A pro^p-group G satisfies the following inequality 

3(G) < d(G) - (V-^j (m(Z(G)) - KZ{G))) . 

Furthermore, if i?2(G,Z p ) is finite, then 

3(GQ>^) + ra i^(d(G)-/,(Z(G))). 

Proof. We begin to prove the upper bound. Let x ^ Z{G). Using Lemma T3. 31 

d(G) = / fi(CG(x))dfi(x) 



= fi(Z{G))+ n{C G {x))dn{x) + / ti(C G (x))dn(x) 

JZ{G)-Z(G) JG-Z(G) 

but the monotonicity of /i implies ji{C G {x)) < fi(C G (x)) and Lemma 13.41 implies 
Ii{Cg{x)) = \G:Cg{x)\- 1 < i thus 



< fi(Z(G)) + - U(Z{G)) - fx(Z(G))) + [ n(C G (x))d»(x) 

P V ' Jg-Z(G) 

= n{Z{G)) + i (n{Z{G)) - f i(Z(G))) + d(G) - M (Z(G)) 

= d(G) - (^Z(G)) fi(Z{G))) . 

For the lower bound, Lemmas 13 . 31 13.41 and Proposition 12.51 imply 

d(G)= / »(C G (x))d f ,(x)=»(Z(G))+ ( M(g G g) , (j 

Jg Jg-z(G) \C g [x) : C G (x)\ 

^ ^{G)) + , X r - f n{C G {x)W{x) 
\Hl(G, £>p)\ J G -z{ G ) 

= KZ(G)) + Qf n(C G (x))dii(x) - ii(Z{G)) 
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-^ (G)) + «^( d(G) ~^ (G)) )- 

□ 

Theorem 13.71 allows us to conclude another interesting inequality. 



Corollary 3.8. A pro^p-group G satisfies always the inequality d(G) < d(G). In 
particular, d(G) = d(G) implies Z(G) = Z(G). 

For instance, d(G) = d(G), whenever ^(G, Z p ) is trivial. This happens for the 
infinite pro-2-group (with r > 1 arbitrary) 

D=(a,t | a 2 " = l,a~Ha = r 1 ) = Z 2 x 

described also in [3j §1]. Its exterior degree is computed below. 

Example 3.9. It is clear that Z(D) = Z(D) = 1. For i = 0, ^(Go(t 1 )) = 1; for all 
i ^ 0, n(C = l/2 r ; for all i and 1 < j < 2 r - 1, /z(C£> (<*¥)) = 0. By Lemma 
we find that 



d(£>) = n(Z(D)) + / n(C D (x))dn(x) + / A*(Ci>(*))d/*(») 

J(t)-Z(D) JD-(t) 

= ^K(t) - {i}) = ^m(W) = 

The importance of the condition d(G) = d(G) = d A (G) is illustrated in [T3] in 
finite case. The following result is an application of Theorem 13.71 and . at the same 
time, is a generalization of the corresponding results of [13] to the infinite case. 

Corollary 3.10. Assume that G is a pro^p-group. 

2 i _-t 

(i) If G is abelian o/rk(G) > 1, then d(G) < p ? d — and the equality holds if 
and only if G/Z{G) ~ C p x G v . 

(ii) If G is nonabelian and Z(G) ^ Z(G), then d(G) < p . 

Proof, (i). Abelian pro-p-groups of rk(G) = 1 are procyclic pro-p-groups and 
they are either isomorphic to C p k (for some k > 1) or to Z p . Both of them have 
Z{G) = Z{G) = G by Lemma [33] Let Z(G) ^ Z(G) = G and d(G) = 1. 
For all x Z(G), arguing as in Theorem 13.71 we find that |G : Cg(x)\ > p, 
\Cg(x) : Z(G)\ > p and n{Z{G)) < 1/p 2 . From Theorem[3Jl we have 

( P ) ( X P 2 ) P 3 
Now assume G/Z(G) = C p x C p . From Lemma [3~31 we get 

3(G) = / n(CG(x))dn(x) = (i(Z(G)) + f n(C^(x))dn(x) 
Jg Jg-z(g) 



= i+ M (Z(G))(l-i) 
p v p/ 

Conversely, 



p 2 + p - 1 
p3 



P + 3 1 =d(G)= / MCgW)^)<-+m(^(G))(i--) 
P Jg P v P y 
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implies [i(Z{G)) > l/p 2 and then n(Z(G)) = l/p 2 . We conclude necessarily that 
G/Z{G) ^C p xC p . 

(ii). Assume that G is nonabelian and Z(G) ^ Z(G). Then we may argue as (i) 
above, getting d(G) < {p 2 + p - l)/p 3 , n{G) < l/p 2 and n{Z(G)) < l/p 3 . Again 
an application of Theorem 13.71 allows us to conclude the proof. □ 



We end with two theorems which describe the exterior degree for quotients and 
direct products. The first case is the following. 

Theorem 3.11. Let N be a closed normal subgroup of a pro^p-group G. Then 

d(G) < d(G/N) 
and the equality holds if N < Z(G). 

Proof. Assume that A, /i and v are corresponding Haar measure of N, G and G/N 
respectively. The Extended Weil's Formula (see for instance P33 Equation (*), p. 
126]), implies 

d(G) = / iL{Ch{x))d»{x) < I fi(CG(x)N)dfi(x) 

JG JG 



n{C G {xn)N)dX{n)dv(xN). 

without difficulties that 

n(C G (xn)N) = v{CG{xn)N/N) < viC^ixN)) 



' N 

On the other hand, one can see without difficulties that 



therefore, 

d(G) < / / v{C G/N {xN))d\{n)du{xN) 



N 



v{C G/N {xN)) d\{n)j dv(xN) = v{C G/N {xN))dv(xN) 
= d(G/N). 

Now assume that N is contained in Z(G), then the canonical map GAG — > G/N AG/ N 
will be an isomorphism. Therefore C G (xn)N/N = C g /n(xN) for all x G G and all 
inequalities should be changed into equalities and so d(G) = d(G/N). □ 

The second case describes a theorem of splitting of probabilities. 

Theorem 3.12. Let G be a pro^p-group and H be a pro-q-group for two different 
primes p and q. Then 

d(Gxff) = d(G) d(H). 

Proof. Assume that fi and v are the Haar measure on G and H respectively. Then 
A = /iXv will be the Haar measure on G x H . Forevermore, for all (x, y) G G x H, 
we have C GxH ((x,y)) = C G (x) x C H {y), then 

d(G x H) = [ A(G^((x, y)))dX((x, y)) 



fi(C G (x))v{C H {y))dfi(x)dis(y) 



G Jh 



10 



R. REZAEI AND F.G. RUSSO 




fj,(Ca(x))dfi(x) 



I, 



H 



v(C H (y))dv(y)=d(G) d(H). 



□ 
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